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Abstract
A double shear theory is introduced that predicts the commonly observed {5 5 7}γ
habit planes in low-carbon steels. The novelty of this theory is that no parameter
fitting is necessary. Instead, the shearing systems are chosen in analogy to the original
(single shear) phenomenological theory of martensite crystallography as those that are
macroscopically equivalent to twinning. Out of all the resulting double shear theories,
the ones leading to certain {hhk}γ habit planes naturally arise as those having small
shape strain magnitude and satisfying a condition of maximal compatibility, thus
making any parameter fitting unnecessary. An interesting finding is that the precise
coordinates of the predicted {hhk}γ habit planes depend sensitively on the lattice
parameters of the fcc (face-centered cubic) and bcc (body-centered cubic) phases.
Nonetheless, for various realistic lattice parameters in low carbon steels, the predicted
habit planes are near {5 5 7}γ . The examples of Fe-0.252C and Fe-0.6C are analyzed
in detail along with the resulting orientation relationships which are consistently close
to the Kurdjumov-Sachs model. Furthermore, a MATLAB app “Lath Martensite” is
provided which allows the application of this model to any other material undergoing
an fcc to bcc transformation.
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1 Introduction
Among the various morphologies of martensite in ferrous materials, lath martensite is
one of the most important and well studied owing to its significant industrial applications.
Studies on the morphology of lath martensite have revealed that it possesses a hierarchical
structure. The prior austenite grain is divided into packets each containing blocks of laths
sharing the same orientation, see Figure 1.
Figure 1: A micrograph and schematic representation of lath martensite within a prior
austenite grain (after [MTK+03]). Each packet is divided into layers of blocks, each con-
sisting of layers of laths.
The length scale of individual laths is typically very fine and cannot be observed under
the optical microscope. Nevertheless, many properties of steel, such as its strength and
toughness, depend on the effective grain size, see [MTK+03], and a good understanding of
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its morphology is hence crucial.
The dominant theoretical models for the description of lath morphology are double shear
theories, e.g. [RC70, Kel92], according to which the overall shape strain F can be decom-
posed as
F = RBST,
where R is a rigid body rotation, B is one of the Bain strains and S,T are two shearing
systems (see Section 2 for details). In addition, F is required to be an invariant plane
strain, henceforth abbreviated to IPS, i.e. F is required to be of the form F = I + c ⊗ p
leaving a plane with normal p undistorted. In the literature ([Kel92, RC70, MTK+03,
KPKJ14, MC17]) many different choices of shearing systems S and T have been proposed
to explain the morphology of lath martensite and have been successful in explaining many
of the macroscopic observables, such as the typically observed {5 5 7}γ , {2 2 3}γ or {1 1 1}γ
habit planes, or the observed orientation relationships typically between Kurdjumov-Sachs
(KS) and Nishiyama-Wasserman (NW). A common feature of phenomenological theories
in lath martensite [Kel92, RC70] is that a priori many different choices of shearing systems
need to be considered. This choice is usually driven by physical intuition or experimental
input. Hence, the identification of the correct systems requires parameter fitting and/or
parameter estimation to comply with observables. This approach is in sharp contrast to
the (original) phenomenological theory of martensite crystallography (PTMC) [WLR53,
BM54] where a single shear theory was proposed, and was very successful in predicting
the morphology of plate martensite. In this single shear theory, the system was chosen as
the unique shear arising from twinning in martensite.
More recently, Maresca & Curtin [MC17] have proposed a double shear model in which
the choice of shearing systems is driven by robust atomistic simulations incorporating
the experimentally observed stepped interface with step direction along [−1,0,1]γ . In
their theory, any orientation relationship can be incorporated in the model and their free
parameter - one of the shearing magnitudes - is fixed by the IPS requirement, providing
good agreement with observed habit planes.
However, a common feature of many of these theories is that a priori, based on physi-
cal intuition, different choices of shearing systems need to be considered.1 As a result,
the identification of the correct systems requires parameter fitting and/or parameter es-
timation. This approach is in sharp contrast to the (original) phenomenological theory
of martensite crystallography (PTMC) [WLR53, BM54] where a single shear theory was
proposed, and was very successful in predicting the morphology of plate martensite. In
this single shear theory, the system was chosen as the unique shear arising from twinning
in martensite.
Other notable models for the prediction of lath morphology include the work of Baur,
Cayron, Loge´ [CBL17] as well as the careful search among many different morphologies
performed by Qi, Khachaturyan & Morris [QKMJ14]. In [CBL17], the authors reach near{5 5 7}γ habit planes by averaging two KSvariants2 sharing the same Bain axis to produce
an NWvariant whose cofactor matrix has an eigenvector (1,√2,1)γ , i.e. it leaves the(1,√2,1)γ plane invariant.
In a different spirit, Qi, Khachaturyan & Morris [QKMJ14], explain the lath morphology
1Among the exceptions lies the recent work of [MC17] where robust atomistic simulations drove the
choice of one of the two shearing systems.
2The computation of the KSand NWvariants as rotated Bain strains is performed in the spirit of the
work by Jawson & Wheeler [JW48], see also [KM17].
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by investigating various possible transformations of increasing complexity: a single-variant
plate with a single slip system, a single variant plate with two slip systems (akin to
double shear theories), a composite plate of two variants each with a single slip system,
as well as a composite plate of two variants each with two slip systems. We note that the
latter two morphologies resemble twinning between slipped regions in martensite. A wide
search through thousands of possible shears leads the authors to construct double shear
theories with near {5 5 7}γ habit planes. Similarly, under the assumption of double slip
and composite plates, they construct theories with near {1 1 1}γ habit planes involving two
variants that share a common Bain axis with a KSorientation relationship to austenite (cf.
[CBL17]).
In the present article, we extend upon previous results in [KM15] and build double shear
theories to describe the deformation in a single lath by choosing both shearing systems as
those which are macroscopically equivalent to twinning. Based on this assumption, we are
able to build a model that predicts double shear theories with certain {hhk}γ habit planes
as those satisfying a condition of low shape strain magnitude and maximal compatibility.
We extend our previous work in several important ways:
• we investigate the resulting orientation relationships and compare them to existing
experimental work,
• we include a detailed discussion on determining appropriate lattice parameters for
the transformation by taking into account thermal expansion,
• we determine the effect of volume change on, among other things, the observed habit
plane normals and orientation relationships,
• we provide a MATLAB app with a user friendly interface which allows anyone to
easily calculate all quantities of interest based on the lattice parameters, and
• we follow a different philosophy which is closer to the existing literature on existing
double shear theories.
We remark that some of the calculations on twinning performed in the present article
resemble those typical of elasticity based models of phase transformations, e.g. plate-
martensite [WLR53, BM54] or shape-memory alloys [Bha03, BJ87]. However, we do not
assume any such elasticity model.
Though twinning in martensite is used to derive the shear deformations in our double
shear theories, our deformations are only macroscopically equivalent to twinning and do
not necessitate, or suggest, that twinning is the internal structure. Indeed, the internal
structure admits various interpretations such as double twinning in martensite, a twinned
region between two variants each with an active slip system, or a single-variant with two
active slip systems, the slip systems being of an unconventional nature. Such alternative
interpretations resemble those of [QKMJ14] and we refer the reader to Sections 2.2, 2.3
for further elaboration.
The article is structured as follows: in Section 2, we introduce our model for lath marten-
site. As the phase transformation from austenite to martensite occurs within a large
temperature interval, thermal expansion effects become significant and need to be taken
into account. To this end, we discuss material parameters for our model based on previous
experimental estimations of thermal expansion coefficients for various ferrous materials.
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We then briefly review single/double shear theories and introduce our method of selecting
shearing systems that are macroscopically compatible with (double) twinning. This selec-
tion mechanism results in two one-parameter families of admissible habit planes p with
the property that, for each normal, there is a shape strain F = RBST leaving p invariant,
i.e.
F = I + c⊗ p.
We conclude Section 2 by introducing a selection mechanism for the produced shape
strains based on low shape strain magnitude and a criterion of maximal compatibility.
Surprisingly, under the above criteria and for appropriate lattice parameters, the fcc (face-
centered cubic) to bcc (body-centered cubic) transformation results in habit planes very
close to {5 5 7}γ .
In Section 3, we apply our model to Fe-0.252C and Fe-0.6C and give the precise form
of the resulting shearing systems and invariant plane strains. In both cases, the result-
ing habit planes are near {5 5 7}γ . For these double shear theories, we also compute
the resulting orientation relationships and show that they are close to a variant of the
Kurdjumov-Sachs orientation relationship. A similar analysis for any other choice of ma-
terial parameters can be performed with the MATLAB App “Lath Martensite” available
atgithub.com/AntonMu/LathApp.
2 Model
The transformation from fcc γ-austenite to bcc α-martensite can be described by the three
different Bain strains, see e.g. [Bai24, KM16], given by
B1 = abcc
afcc
⎛⎜⎝
1 0 0
0
√
2 0
0 0
√
2
⎞⎟⎠ ,B2 = abccafcc
⎛⎜⎝
√
2 0 0
0 1 0
0 0
√
2
⎞⎟⎠ ,B3 = abccafcc
⎛⎜⎝
√
2 0 0
0
√
2 0
0 0 1
⎞⎟⎠ , (1)
where afcc and abcc denote the lattice parameters of the γ and α phases, respectively. We
note that the Bi’s are simply the stretch components of the transformation in the γ-basis
and may be followed by an arbitrary rigid body rotation R. That is, any strain of the
form RBi still transforms fcc austenite to bcc martensite. Depending on the specific ro-
tation, the corresponding orientation relationship could be Kurdjumov-Sachs, Nishiyama-
Wassermann or others [KM17].
2.1 Thermal Expansion
In our proposed double shear theory, the only variable input parameters are λ (equivalent
to the shearing magnitude of one of the shears, see (7)) and the lattice parameters of the
γ and α phases which determine the precise form of the Bain strains Bi. It turns out that
the habit planes (see the MATLAB App “Lath Martensite”) depend sensitively on these
lattice parameters. As is evident from (1) it is in fact only the ratio, abcc/afcc, of the fcc
and bcc lattice parameters that determines the Bain strains which can be translated into
a single volume change parameter ∆V = detBi − 1 = 2 (abcc/afcc)3 − 1.
Since the austenite to martensite transformation spans a large temperature interval, ther-
mal expansion can have a significant effect on the parameter ∆V . To take thermal ex-
pansion into account, we ought to consider abcc and afcc as functions of temperature
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T . Instead of specifying a single transformation temperature, here, we take into ac-
count all temperatures where both phases coexist, i.e. the temperature interval between
the martensite start Ms and finish Mf temperature. The volume change parameters
∆V (T ) = (abcc(T )/afcc(T ))3 − 1 are then considered for fcc and bcc lattice parameters at
a common temperature T within that interval. In our opinion such an approach seems
more suitable than taking afcc at Ms and abcc at Mf which seems common in the literature.
It has been difficult to find reliable data on thermal expansion that includes both the
austenite and martensite phase for the same material and spans a wide enough tempera-
ture range. For slowly cooled carbon steels, thermal expansion data for γ austenite and α
ferrite can for instance be found in [ROB+93] and [SH22]. The transformation tempera-
tures for these materials are around 1000K and thus different from typical transformation
temperatures reported for austenite to martensite transformations which, according to
[BH06][Fig. 5.18], are between 400K and 800K. However, due to the lack of accurate data
for martensite and the fact that both martensite and ferrite are bcc, we base our calcula-
tions on [ROB+93, SH22]. This approach is similar to the strategy used in [MTK+03].
By [ROB+93], for Fe-0.6C, the austenite lattice parameters in the interval 1030 K to 1250
K are given by afcc(T ) = 0.36511 (1+23.3⋅10−6(T −1000)) and the ferrite lattice parameters
in the interval 800 K to approximately 1050 K by abcc(T ) = 0.28863(1+17.5⋅10−6(T−800)).
Thus, the volume change in the temperature range of coexistence is approximately −0.2%.
Similarly, using the corresponding formulas for Fe-0.4C we obtain a volume change of
approximately 0.35% at 1050 K.
In [SH22], the sample S556 with composition Fe-0.252C3 transforms from fcc to bcc be-
tween 1079 K and 1005 K. Using graphical extrapolation from the corresponding graph
of thermal expansion, [SH22][Fig. 8], gives a volume change between 0.76% and 0.97%.
Similarly for the sample Fe-0.35C4 we obtain a volume change between 0.6% and 0.64%
for temperatures between 955K and 934K.
2.2 Single shear theories
An important and natural assumption in the phenomenological theory of martensite crys-
tallography (PTMC) [WLR53, BM54], is that the shape strain F is an invariant plane
strain (IPS), i.e. F = I + c⊗ p leaves a plane of normal p invariant. It is well known that
a simple Bain deformation of the form F = RBi cannot be an IPS. However, if one allows
simple or multiple shears of the original lattice, the total shape strain can become an IPS.
In the seminal work of [WLR53, BM54] a simple shear theory was proposed to accurately
predict the features of plate martensite. An element that made their theory so successful
was a unique way of choosing their shearing system. Instead of allowing all lattice invariant
shearing systems they only allowed the ones that arise from twinning in martensite. We
note that, on a macroscopic scale, one cannot distinguish between internal twinning and
other structures resulting in the same macroscopic strain, such as slip.
Below we recall Mallard’s law as a convenient way of finding twinning systems.
Lemma 1. (Mallard’s law)
Let A be a 3 × 3 matrix, P = −I + 2e ⊗ e be a 180○ rotation about the unit vector e and
3Alloying elements 0.06Mn, 0.012P, 0.035S, 0.007Si.
4Alloying elements 1.42Mn, 0.013P, 0.057S, 0.20Si, 1.00Cr, 0.11Vr.
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B = PAP . Then the equation RB = A + a ⊗ n admits two solutions (RI,aI,nI) and(RII,aII,nII) given by
aI = 2( A−Te∣A−Te∣2 −Ae) , nI = e, (I)
aII = 2N∣Ae∣2Ae, nII = 1N (∣Ae∣2e −ATAe) , (II)
where N is chosen such that nII is of unit length. The unknown rotations RI and RII can
by calculated as R = (A+a⊗n)B−1. In particular, the strains RB and A are twin related.
In our case, the axes of the necessary 180○ rotations P relating the Bain variants, i.e.
Bi = PBjP , are all in the family {1 1 0}γ and by Mallard’s law, for each pair of Bain
variants Bi and Bj , there are two solution triples (RI,aI,nI) and (RII,aII,nII) such that
RIBj −Bi = aI ⊗ nI and RIIBj −Bi = aII ⊗ nII. (2)
In addition, all the resulting twins are of compound type, i.e. there exist two different 180○
rotations (with axes e1 and e2) relating Bi and Bj . In particular, the first solution (I) of
Mallard’s law for P = −I+2e1⊗e1 coincides with the second solution (II) of Mallard’s law
for P = −I+ 2e2⊗e2. Put differently, by considering all 180○ rotations relating Bi and Bj ,
it suffices to only consider the first solution of Mallard’s law.5 Therefore, we can, without
loss of generality, only consider the first solution (I) in Mallard’s law and suppress the
superscript.
Condition (2) implies that the two strains Bi and RBj can be internally twinned across an
interface with normal n resulting in a macroscopic strain F of the form F = (1−λ)Bi+λRBj ,
where λ is the volume fraction of RBj in the twinning system. Using (2), the macroscopic
strain F can be expressed as
F = Bi + λ(RBj −Bi) = Bi + λa⊗ n = Bi(I + λB−1i a⊗ n) =∶ BiSij(λ), (3)
where Sij(λ) = I + λB−1i a ⊗ n is a shear with shearing magnitude g = ∣λB−1i a∣, shearing
direction d = λB−1i a/g and shearing normal n. In particular, two internally distinct states,
twinning in the product lattice and slip in the parent followed by the phase transformation,
can result in the same macroscopic strain F .
In the (single shear) PTMC this observation was crucial in determining the possible shear-
ing system. Following [WLR53, BM54], the parameter λ is then fully determined by the
requirement that the total shape strain RF , for some rotation R, is an IPS.
We remark that the condition RB = A+a⊗n - that is, RB and A are rank-one connected
- is necessary for a deformation taking the values RB and A on either side of an interface
with normal n to remain continuous. Thus, it is a requirement pertaining not only to
twinning but any deformation where there is no breaking of atomic bonds. Indeed, typical
slip systems can be derived as lattice-invariant shearing deformations that are rank-one
connected to the undistorted lattice. We refer the reader to [IHM13] or [MFKC15] where
attainment of the rank-one condition is used as a criterion of kinematic compatibility.
5The family of all possible axes is precisely {110}γ .
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2.3 Double shear theories
The (original) PTMC has proven very successful in explaining features of various marten-
sitic transformations. However, when applied to steels it was only successful in a few
cases, such as the (3 10 15)γ transformation (see [WW71, EW67, DB69]), and failed to
give adequate predictions for e.g. the (2 2 5)γ (see [BM64, WHR61, DB69]) or the (5 5 7)γ
transformations. A good overview of the original theory and its various extensions can
e.g. be found in [DW71].
In the case of lath martensite, widely used extensions of the PTMC are double shear
theories, e.g. [Kel92, RC70]. In a double shear theory the total shape strain F can be
expressed as
F = RBiST, (4)
for two shearing systems of the form S = I + a ⊗ n and T = I + b ⊗m. As in the single
shear theory, the goal is to find shearing systems S and T and a rotation R such that
the total shape strain F becomes an invariant plane strain (IPS). We observe that if one
regards BiS as a variant itself, then F from (4) is related to this new variant by the single
shear T . Since, as seen in the calculation leading to (3), there is a one-to-one connection
between single shears and simple twins, there is a similar connection between shears of
shears (double shears) and twins of twins (double twins).
Owing to the symmetry of the Bain variants, it is easy to show that for any λ ∈ [0,1],
the six possible shape strains arising from simple twins (or shears) are again related by
180○ rotations about vectors in the family {1 1 0}γ . Hence, we can once again apply
Mallard’s law to the sheared Bain variants. For example, let us consider the sheared
variants B1S12(λ) and B1S13(λ), which are macroscopically equivalent to twins between
B1 and B2, and to twins between B1 and B3, respectively.
6 Unlike the case of single shears
(simple twins), the twins are not compound anymore and we need to distinguish between
the first (I) and second (II) solution of Mallard’s law.
Taking for instance the first solution of Mallard’s law we obtain a solution triple (RI,bI,mI)
such that
RIB1S12(λ) −B1S13(λ) = bI ⊗mI. (5)
In particular, the two shears RIB1S12(λ) and B1S13(λ) can form an internal twin giving
rise to a macroscopic strain F I of the form F I = (1 − µI)B1S13(λ) + µIRIB1S12(λ), where
µI is the volume fraction of RIB1S12(λ) in the twinning system. As before, by using (5),
F I can be expressed as
F I = B1S13(λ) + µIbI ⊗mI = B1S13(λ)(I + µIS−113 (λ)B−11 bI ⊗mI) =∶ B1S13(λ)T I(µI), (6)
where S13(λ) is as above and T I(µI) = I + µIS−113 (λ)B−11 bI ⊗mI is a shear with shearing
magnitude gI = ∣µIS−113 (λ)B−11 bI∣, shearing direction dI = µIS−113 (λ)B−11 bI/gI and shearing
normal mI. An analogous formula holds for the second solution of Mallard’s law and for
other pairs of sheared Bain variants.
We note that a deformation like F I - see (6) - may equivalently correspond to a twin
between the sheared variants RIB1S12(λ) and B1S13(λ) which, themselves, can correspond
to two regions with different active slip systems in the parent, i.e. S12(λ) and S13(λ).
Similarly, F may also be interpreted as the macroscopic deformation corresponding to a
single variant plate and two active slip systems, namely S13(λ) and T I(µI). In any of the
6We remark that two simple shears, B1S12(λ1) and B1S13(λ2), can only be compatible if λ1 = λ2.
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above interpretations, any interface involved would be fully coherent due to the rank-one
connections inherent in the construction of the deformation. In particular, any interface
would need to be glissile [Bha01].
We also remark that there are no explicit scales involved in our calculations and no pre-
diction regarding scales can be made. Nevertheless, the model naturally contains two
scales: a fast scale where the first-order twinning occurs, and a slow scale where the twin
between twins occurs. Analogous two-scale phenomena apply to the other interpretations
of the theory when twinning is not assumed to be the internal mechanism achieving the
produced shears.
Similarly to the original (single shear) PTMC, the total shape strain F I needs to satisfy
the IPS condition, i.e. RˆIF I − I = cI⊗pI. As is well known, see e.g. [Bha03, BJ87, Kha13]
as well as in the Appendix, the IPS condition is equivalent to requiring that the middle
eigenvalue of (F I)TF I is equal to 1. Solving the IPS condition for F I as in (6) gives a
dependency µI(λ). In particular, by the IPS condition, F I in (6) only depends on a single
parameter λ and we can find rotations RˆI(λ) such that
RˆI(λ)F I(λ) = RˆI(λ)B1S13(λ)T I(µI(λ)) = I + cI(λ)⊗ pI(λ). (7)
Using this approach, one can construct a double shear theory which is macroscopically
equivalent to (double) twinning. We will show that this choice of shearing systems natu-
rally results in a theory that predicts the formation of certain {hhk}γ habit planes in low
carbon steels, such as {5 5 7}γ or {2 2 3}γ .
In (7) we have computed a λ dependent family of double shears of B1 that uses the Type I
solution for the second shearing system. Similarly, we can construct double shears of any
Bain variant, using either the Type I or Type II solution for the second shearing system.
Furthermore, we note that by Proposition 1 in the Appendix, for each F I(λ) and each
F II(λ) there exist exactly two rotations and two shearing systems that satisfy the IPS
condition. To avoid overcomplicating notation, we will not explicitly distinguish between
these two solutions.
A plot of the resulting habit plane normals for all Bain variants, both types of solutions and
both solutions for the IPS condition is shown in Figure 2. The unit sphere represents the
space of all possible (normalized) habit plane normals. Due to the intrinsic P24 symmetry
of the problem, x, y, z directions are only indicated by arrows but not explicitly labeled as
any permutation of the axes would leave the plot unchanged. In this plot the fcc and bcc
lattice parameters have been chosen such that no volume change occurs, i.e. ∆V = 0. For
volume changes of up to ±1%, this plot remains qualitatively similar. We refer the reader
to Section 3 for examples with different lattice parameters.
In this figure, the yellow points represent habit planes that arose from single shear theories.
For highly tetragonal steels, these are precisely the habit planes in the family {3 10 15}γ in
the original Wechsler, Liebermann and Read (single shear) PTMC. Also, taking the first
solution F I, one can see that there is a high density of intersections of all the differently
colored lines, i.e. the differently sheared Bain variants, very close to {5 5 7}γ or {2 2 3}γ .
For the second solution F II, the density of intersections is highest very close to {1 1 1}γ .
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F I(λ) F II(λ)
Figure 2: Possible habit plane normals for F I(λ) and F II(λ) for ∆V = 0 plotted on the
unit sphere. Differently colored lines (green, blue, red) correspond to the three different
Bain variants being sheared and each point on a colored line corresponds exactly to one
possible habit plane normal. Yellow dots correspond to habit planes arising from single
shear theories. For reference, points corresponding to {5 5 7}γ ,{2 2 3}γ and {1 1 1}γ habit
planes are also shown.
2.4 Selection mechanism for double shear theories
So far, we have established double shear theories that only depend on a single parameter λ.
In this section, out of this family of possible double shear theories, we identify parameters
λ that give rise to double shear theories that satisfy a criterion of small shape strain
magnitude and maximal compatibility. We will see that double shear theories resulting in
near {5 5 7}γ habit planes satisfy both criteria and are thus preferable.
Criterion of small shape strain magnitude:
Following [Kel92], see also [MHF+06], we seek double shear theories that result in a low
shape strain magnitude ∣c∣ for a shape strain of the form RF = I + c⊗ p as in (7). Figure
3 repeats the plot of habit planes from Figure 2 but this time assigns a color gradient
depending on the shape strain magnitude of the corresponding F .
Firstly, it can be seen from Figure 3 that single shear theories (yellow points) give rise
to the highest shape strain magnitudes as expected. We note that single shear theories
correspond to the following cases (cf. (6)):
• if µ = 0 then F I = B1S13(λ) and thus a single shear theory for B1,
• if µ = 1 then F I = RIB1S12(λ) by (5) and thus a single shear theory for B1, and
• if λ = 1 then, using that B1S13(1) = RB3 for some rotation R, we obtain F I =
RB3T
I(µ) and thus a single shear theory for B3.
The same classification applies to the second solution F II. Starting from any of the single
shear theories there is a one-parameter family of double shear theories that connects
it to another single shear theory. For each double shear theory, we can compute the
10
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0.20
0.25
0.05
F I(λ) F II(λ)
Figure 3: Plot of possible habit plane normals for F I(λ) and F II(λ) for ∆V = 0 on the
unit sphere. The color gradient indicates the magnitude of the shape strain of F I(λ) and
F II(λ), respectively.
corresponding habit plane. The resulting arcs of habit planes connecting two single theories
are shown in Figure 3.7 The coloring of the normals indicates the shape strain magnitude
of the underlying double shear theory. It can be seen that this magnitude gets smaller the
further away a double shear theory is from a single shear theory.
It can further be seen from Figure 3 that the smallest shape strain magnitudes are obtained
from double shear theories of Type I and that the smallest shape strain magnitudes for
solutions of Type II are achieved near the point of highest density of intersections. Even
though the shape strain magnitude of double shear theories resulting in near {5 5 7} habit
planes is not minimal, it is low and in particular lower than that of any double shear
theory of Type II.
The obtained shape strain values lie within the range of 0.07 to 0.08 which is relatively
low for a single-variant lath, compared to data reporting values in the range 0.1 - 0.3, see
[BBT69] for FeNi or [WW81] for FeNiMn.
Criterion of maximal compatibility:
Apart from low shape strain magnitudes, points near {5 5 7}γ and {1 1 1}γ also have a
high density of intersections and hence satisfy a strong criterion of compatibility. On a
very basic level, having a high density of intersections simply implies that there are more
double shear theories that give rise to habit planes close to {5 5 7}γ and {1 1 1}γ .
Furthermore, suppose that two regions within the same prior austenite grain have been
deformed according to two different double shear theories which share the same habit plane
p. Denoting the respective shape strains in the two regions by I + c1 ⊗ p and I + c2 ⊗ p,
we observe that (I + c1 ⊗ p) − (I + c2 ⊗ p) = (c1 − c2)⊗ p.
Thus, any two such regions can share a fully coherent interface of normal p. In particular,
the most likely double shear theories with this property are the ones with habit planes near
7The habit planes corresponding to single shear theories are indicated by yellow dots in Figure 3.
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{5 5 7}γ and {1 1 1}γ . This compatibility property may play a crucial role when thinking
of the dynamic process of nucleation. As austenite is quenched, the martensite phase
nucleates at various sites as an IPS with all three Bain variants being equally likely to
occur. As explained above, if two growing nuclei happen to share the same habit plane
p, they are able to meet along a fully coherent interface. We note that in Figure 2,
the different colors correspond to double shears of different Bain variants and thus if
three differently colored lines intersect at one point it implies that there are double shear
theories of all three Bain variants that share this habit plane. Remarkably, both points
near {5 5 7}γ and {1 1 1}γ share this property.
3 Results
We apply our model to explore the formation of {hhk}γ habit planes with the volume
change parameters ∆V derived in Section 2.1 and also investigate the resulting orienta-
tion relationships (ORs). Here, we present the results for the double shear theories with
the lowest and highest volume changes which, as we shall see, result in habit planes near{5 5 7}γ and ORs near the Kurdjumov-Sachs model. Results for different lattice param-
eters can be obtained with the help of the MATLAB App “Lath Martensite” available
atgithub.com/AntonMu/LathApp.
In order to determine double shear theories satisfying the criterion of maximal compat-
ibility and low shape strain magnitude, we first calculate all possible families of habit
planes. We then search for all points of intersections between these families that have
low shape strain magnitude. In all cases, we find that the two criteria are satisfied near
points in the family {hhk}γ . A reason for finding a high density of intersections near
such habit planes may be that any double shear theory resulting in a {hhk}γ normal
trivially intersects with at least one of its crystallographically equivalent families. This
is because if the family of shape strains F (λ) results in a habit plane p(λ∗) = (hhk)γ
for some λ∗, then there exists an element P in the cubic point group, i.e. an orthogonal
transformation mapping the cube to itself, such that P (hhk)γ = (hhk)γ . In particular,
the crystallographically equivalent families of double shear theories given by F (λ) and
PF (λ)P T intersect at (hhk)γ .
We recall that, for RF as given in (7), the P -crystallographically equivalent double shear
system is given by
PRFP T = (PRP T )(PB1P T )(PS13P T )(PTP T ) = I + (Pc)⊗ (Pp), (8)
which is a double shear theory for PB1P
T with habit plane Pp and a crystallographically
equivalent orientation relationship.
3.1 Resulting Habit Planes
In Table 1, we use the lowest volume change of ∆VFe−0.6C(1040K) = −0.2% following the
calculation in [ROB+93]. Using the Type I shearing system in (6) for e.g. λ∗ = 0.5772,
the IPS condition is satisfied for µI(λ∗) = 0.5717 resulting in the double shear theory
RI(λ∗)F I(λ∗) = RI(λ∗)B1S(λ∗)T I(µI(λ∗)) = I+cI(λ∗)⊗pI(λ∗). Similarly, in Table 2, we
use ∆VFe−0.252C(1042K) = 0.865% (cf. [SH22][Sample S556]) which is the average of the
possible volume changes in the transformation temperature range for Fe-0.252C.
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λ∗ µI(λ∗) S(λ∗) T I(µI(λ∗)) RI(λ∗)F I(λ∗)
.5772 .5717 .3848
⎡⎢⎢⎢⎢⎢⎣
.707−.707
0
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
.707
.707
0
⎞⎟⎠ .2332
⎡⎢⎢⎢⎢⎢⎣
.226
.689
.689
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
0
.707−.707
⎞⎟⎠ .0728
⎡⎢⎢⎢⎢⎢⎣
−.836
.548−.012
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
.494
.715
.494
⎞⎟⎠
.6609 .6263 .4406
⎡⎢⎢⎢⎢⎢⎣
.707−.707
0
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
.707
.707
0
⎞⎟⎠ .2885
⎡⎢⎢⎢⎢⎢⎣
.177
.696
.696
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
0
.707−.707
⎞⎟⎠ .0723
⎡⎢⎢⎢⎢⎢⎣
−.048−.533−.847
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
.474−.742
.474
⎞⎟⎠
.7602 .5496 .5068
⎡⎢⎢⎢⎢⎢⎣
.707−.707
0
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
.707
.707
0
⎞⎟⎠ .2869
⎡⎢⎢⎢⎢⎢⎣
.122
.702
.702
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
0
.707−.707
⎞⎟⎠ .0777
⎡⎢⎢⎢⎢⎢⎣
.585
.124−.802
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
.726−.486
.486
⎞⎟⎠
Table 1: Elements of the double shear system (7) leading to habit planes near {5 5 7}γ for
∆VFe−0.6C(1040K) = −0.2%. The remaining {5 5 7}γ habit planes can be obtained from
the crystallographically equivalent systems. Shearing directions and normals are of unit
length. We use the shorthand notation gdk for I+ gd⊗k. All vectors are expressed in γ
coordinates.
λ∗ µI(λ∗) S(λ∗) T (µI(λ∗)) RI(λ∗)F I(λ∗)
.5717 .6157 .3811
⎡⎢⎢⎢⎢⎢⎣
.707−.707
0
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
.707
.707
0
⎞⎟⎠ .2490
⎡⎢⎢⎢⎢⎢⎣
.229
.688
.688
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
0
.707−.707
⎞⎟⎠ .0840
⎡⎢⎢⎢⎢⎢⎣
−.745
.656−.120
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
.459
.761
.459
⎞⎟⎠
.6402 .6572 .4268
⎡⎢⎢⎢⎢⎢⎣
.707−.707
0
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
.707
.707
0
⎞⎟⎠ .2942
⎡⎢⎢⎢⎢⎢⎣
.189
.694
.694
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
0
.707−.707
⎞⎟⎠ .0839
⎡⎢⎢⎢⎢⎢⎣
−.146−.641−.753
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
.442−.781
.442
⎞⎟⎠
.7876 .5392 .5251
⎡⎢⎢⎢⎢⎢⎣
.707−.707
0
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
.707
.707
0
⎞⎟⎠ .2906
⎡⎢⎢⎢⎢⎢⎣
.107
.703
.703
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
0
.707−.707
⎞⎟⎠ .0902
⎡⎢⎢⎢⎢⎢⎣
.670
.203−.714
⎤⎥⎥⎥⎥⎥⎦
⎛⎜⎝
.766−.455
.455
⎞⎟⎠
Table 2: Elements of the double shear system (7) leading to habit planes near {5 5 7}γ for
∆VFe−0.252C(1042K) = 0.865%. The remaining {5 5 7}γ habit planes can be obtained from
the crystallographically equivalent systems. Shearing directions and normals are of unit
length. We use the shorthand notation gdk for I+ gd⊗k. All vectors are expressed in γ
coordinates.
As pointed out in Section 2.4, the shape strains for Type II solutions, resulting in {1 1 1}γ
habit planes for 0% volume change, have higher shape strain magnitude. For volume
changes above ≈ 0.6% the resulting habit planes fail to intersect and thus do not satisfy
the criterion of maximal compatibility. For, potentially hypothetical, negative volume
changes below ≈ −0.6%, also the shape strains for Type II solutions result in habit planes
near {5 5 7}γ . These and similar observations can be obtained easily with the MATLAB
App “Lath Martensite”.
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3.2 Resulting Orientation Relationships
In this section we establish the orientation relationships (ORs) for the double shear theories
obtained in Tables 1 and 2. In particular, we restrict our investigation to Type I solutions
and, for the ease of the reader, we henceforth omit the superscript I in our notation. For
these solutions, we derive the resulting ORs and compare them to typical ORs stated
in the literature, that is to the Nishiyama–Wassermann (NW), Kurdjumov–Sachs (KS),
Pitsch (P) and Greninger–Troiano (GT) orientation relationships.
We derive the OR based on the overall rotation R that is needed to make the (double)
sheared Bain strain B1 in (7) an invariant plane strain RF = RB1ST = 1+c⊗p. Following
[KM17], the corresponding OR matrix Otot transforming the fcc to the bcc basis, is then
given by
Otot = R[−45○,e1]RT . (9)
Here, R[θ,e1] denotes the rotation about the unit vector e1 = [1,0,0] by an angle θ. We
recall that the roation R[θ,e1] stems from the change of coordinates when changing from
an fcc to a bcc basis with the pure Bain strain B1. Since the OR matrix is a change of
basis matrix from fcc to bcc, it maps fcc normals (n1 n2 n3)γ to bcc normals (nˆ1 nˆ2 nˆ3)α
and fcc directions [v1 v2 v3]γ to bcc directions [vˆ1 vˆ2 vˆ3]α. For example, the orientation
relationship KS22 is characterized by OKS22 such that
OKS22(1¯ 1¯ 1)γ = (1¯ 0 1)α and OKS22[1 1¯ 0]γ = [1 1¯ 1]α,
where OKS22 = R[−45○,e1]R[−9.74○, [0 1 1]γ]R[−5.26○, [1¯ 1¯ 1]γ].8 Equivalently, this rela-
tionship can be expressed in terms of the parallelisms (1¯ 1¯ 1)γ ∥ (1¯ 0 1)α and [1 1¯ 0]γ ∥ [1 1¯ 1]α.
To determine which common OR is closest to Otot we use two different approaches:
1. Minimising the Relative Rotation
Given Otot as in (9), we find an OR O∗ such that the relative rotation Rrel, where
Otot = RrelO∗, is minimal. Here, ∗ denotes any of the possible models NW, KS, P
or GT, which also undergo a transformation according to B1, i.e. are of the form
O∗ = R[−45○,e1]R∗.
2. Minimising Angular Deviations of Planes and Directions
Given Otot as in (9), we compare known parallisms between fcc and bcc planes and
directions found in common ORs and calculate the angular deviations from them.
For instance, when considering KS22, we compute
∠(Otot(1¯ 1¯ 1)γ , (1¯ 0 1)α) and ∠(Otot[1 1¯ 0]γ , [1 1¯ 1]α).
We will use the short-hand notation (1¯ 1¯ 1)γ ∶ (1¯ 0 1)α = ∠(Otot(1¯ 1¯ 1)γ , (1¯ 0 1)α) to
express this relationship. As before we restrict the candidate ORs to those that
undergo a transformation according to B1. The minimisation is then performed
over the sum of the deviation angles between normals and directions.
By performing both minimisations for the previous examples of Fe-0.6C (cf. Table 1) and
Fe-0.252C (cf. Table 2) we find that Otot is closest to KS22 according to both methods
for all solutions. The deviations from KS22 are summarised in Tables 3 and 4 below. We
note that the resulting ORs are different for each of the computed double shear theories
but are nonetheless all closest to KS22.
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λ∗ (1¯ 1¯ 1)γ ∶ (1¯ 0 1)α [1 1¯ 0]γ ∶ [1 1¯ 1]α RI(λ∗)RTKS22
.5772 ≈ 0.94○ ≈ 6.52○ R[6.54○, (−.502,−.524, .688)γ]
.6609 ≈ 1.52○ ≈ 4.75○ R[4.79○, (−.517,−.340, .786)γ]
.7602 ≈ 4.45○ ≈ 7.47○ R[7.74○, (−.446,−.079, .892)γ]
Table 3: Angular deviations and relative rotations between KS22 and the orientation re-
lationships resulting from the double shear system from Table 1 for ∆VFe−0.6C(1040K) =−0.2%. (1¯ 1¯ 1)γ ∶ (1¯ 0 1)α ≈ 0.94○ indicates that the normals deviate approxi-
mately 0.94○ from being parallel or equivalently that ∠(Otot(1¯ 1¯ 1)γ , (1¯ 0 1)α) ≈ 0.94○.
R[6.54○, (−.502,−.524, .688)γ] denotes a rotation of 6.54○ about (−.502,−.524, .688)γ and
indicates the relative rotation between RI(λ∗) and RKS22.
λ∗ (1¯ 1¯ 1)γ ∶ (1¯ 0 1)α [1 1¯ 0]γ ∶ [1 1¯ 1]α RI(λ∗)RTKS22
.5717 ≈ 1.12○ ≈ 7.00○ R[7.03○, (−.579,−.454, .677)γ ]
.6402 ≈ 0.97○ ≈ 4.22○ R[4.25○, (−.559,−.402, .725)γ]
.7876 ≈ 5.2○ ≈ 8.23○ R[8.56○, (−.429,−.044, .902)γ]
Table 4: Angular deviations and relative rotations between KS22 and the orientation re-
lationships resulting from the double shear system from Table 2 for ∆VFe−0.252C(1042K) =
0.865%. (1¯ 1¯ 1)γ ∶ (1¯ 0 1)α ≈ 1.12○ indicates that the normals deviate approxi-
mately 1.12○ from being parallel or equivalently that ∠(Otot(1¯ 1¯ 1)γ , (1¯ 0 1)α) ≈ 1.12○.
R[7.03○, (−.579,−.454, .677)γ] denotes a rotation of 7.03○ about (−.579,−.454, .677)γ and
indicates the relative rotation between RI(λ∗) and RKS22.
Recalling that by (8) all P -crystallographically equivalent double shear systems are given
by PRFP T , we readily conclude that the P -crystallographically equivalent OR POtotP
T
is closest to the orientation relationship POKS22P
T which corresponds to a different
KSvariant.
Finally, we remark that the algebraic complexity of the problem prohibits us from deriving
closed form expressions that show that Otot is always closest to a KSvariant. However, nu-
merical evidence obtained through the MATLAB App “Lath Martensite” provides strong
evidence that this claim holds true for all physical ranges of volume changes that can be
observed in fcc to bcc phase transformations for Type I, and also Type II, solutions. Near
KSorientation relationships are commonly reported in the literature [MTK+03, MHF+06].
In [MHF+06] the authors analyse EBSD patterns in SEM as well as the more accurate
Kikuchi diffraction patterns in TEM for several FeC alloys with varying carbon content,
concluding that the dominant orientation relationship is near KS. We note that inter-
mediate orientations between KSand NW(GT) are also reported, e.g. in the study of
the orientation between laths and narrow films of retained austenite in low carbon steels
[KJB90].
8See [KM17] for the exact numerical values of the angles.
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4 Conclusion & Outlook
In analogy to and motivated by the groundbreaking work of Wechsler, Liebermann & Read
and Bowles & Mackenzie on the original PTMC, we have built a double shear theory by
choosing the shearing systems as those arising from (second order) twinning.
Our developed double shear theory agrees well with the experimental observation of near{5 5 7}γ habit planes in low-carbon steels and results in orientation relationships close to
Kurdjumov-Sachs for a single lath.
Unlike some existing double shear theories based on PTMC, no parameter fitting and/or
parameter estimation was necessary to reach our results. By choosing shearing systems
that are macroscopically compatible with twinning and requiring that the overall shape
strain is an invariant plane strain, our model predicts near {5 5 7}γ habit planes solely
based on the additional assumptions of small shape strain magnitude and a condition of
maximal compatibility. We remark that, as other double shear theories, our theory is
macroscopic and does not imply, or necessitate, internal twinning. In fact, it is compatible
with different interpretations of the internal structure: double twinning, double slip, or
twinning between regions with different slip systems.
Furthermore, as e.g. in [MC17], our theory reveals a very sensitive dependence of the
possible lath habit planes on the volume change during transformation from fcc austenite to
bcc martensite. It would be interesting to put this theoretical dependency to experimental
scrutiny.
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Appendix
The following proposition gives necessary and sufficient conditions for a 3× 3 matrix F to
be an invariant plane strain, up to a rotation R.
Proposition 1. [BJ87] Let F be a 3 × 3 matrix such that F TF ≠ I, i.e. F is not a pure
rotation, and let λ1 ≤ λ2 ≤ λ3 be the ordered eigenvalues of F TF . Then, there exist a
rotation R and vectors b,m such that
RF = I + b⊗m
if and only if λ1 ≥ 0 and λ2 = 1. If these conditions are satisfied, there are at most two
solutions given by
b = ρ√
λ−11 − λ−13 (
√
λ−11 − 1v1 + κ√1 − λ−13 v3) ,
m = ρ−1 (√λ3 −√λ1√
λ3 − λ1 )(−√1 − λ1v1 + κ√λ3 − 1v3),
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where ρ ≠ 0 is chosen to make m of unit length, κ ∈ {−1,1} and v1,v3 are the (normalized)
eigenvectors of F TF corresponding to λ1 and λ3.
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